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DEFINING RELATIONS FOR LIE SUPERALGEBRAS 
WITH CARTAN MATRIX 

PAVEL GROZMAN, DIMITRY LEITES 

Abstract. The notion of defining relations is well-defined for a nilpotent Lie (super) algebra. One of 
the ways to present a simple Lie algebra is, therefore, by splitting it into the direct sum of a maximal 
diagonalizing (commutative) subalgeba and 2 nilpotent subalgebras (positive and negative). The relations 
obtained for finite dimensional Lie algebras are neat; they are called Serre relations and can be encoded 
via an integer symmetrizable matrix, the Cartan matrix, which, in turn, can be encoded by means of a 
graph, the Dynkin diagram. The complete set of relations for Lie algebras with an arbitrary Cartan matrix 
is unknown. 
^y\ ' We completely describe presentations of Lie superalgebras with Cartan matrix if they are simple Z- 

Qs ^ graded of polynomial growth. Such matrices can be neither integer nor symmetrizable. There are non-Serre 

relations encountered. In certain cases there are infinitely many relations. 

Our results are applicable to the Lie algebras with the same Cartan matrices as the Lie superalgebras 
1-^ ' considered. 

(D 

^. 

Introduction 

-^ ■ This paper is the direct continuation of [K2], [LSS], [LI], [LSe]. In [LSe] the the case of the simplest (for 

r~^ ' computations) base is considered and non-Serre relations are first written. Though we are studying the Lie 

^^ . superalgebras with Cartan matrix, we give examples of Lie superalgebras of the other types, to illustrate the 

Cn ' geometry related with some of our algebras. 

An explicit presentation of simple Lie superalgebras became urgently needed in connection with g- 
quantization of Lie superalgebras: straightforward generalization of Drinfeld's results (who used Serre re- 
lations) is insufficient here, cf. [FLV]. After [FLV], there appeared a paper [Sch] q-quantizing si{m\n) and, 
to an extent, osp(m|2n). Though long, the paper [Sch] lacks explicit formulas for osp(m|2n) and even for 
_. . s[(m|n) the explicit form of the general formulas is not given. Nowhere, so far, are the defining relations for 

flj ' all systems of simple roots of the exceptional Lie superalgebras written down {some systems are considered 

Here for all simple Lie superlagebras q{A) with Cartan matrix A we list the defining relations for each 
system of simple roots. If dimg(yl) < oo and for for Z-graded Lie superlagebras q{A) of polynomial growth 
with a symmetrizable A this list is complete (proof is the same as in [Kl]); in the other cases its completeness 
3 , is conjectured. Cartan matrices can be neither integer nor symmetrizable. There are non-Serre relations 

encountered. In certain cases there are infinitely many relations. We will consider the g-quantized versions 
elsewhere. 

When Kac's method of the proof ([Kl]) failed, and to derive our conjectures, we used the package [G]. 
To describe the defining relations for q{A) with symmetrizable matrices more general than those considered 
by Gaber and Kac (see [Kl]) or nonsymmetrizable matrices distinct from those considered here is an open 
problem. 

§0. Background 

0.0. Linear algebra in superspaces. Generalities. Superization has certain subtleties, often disre- 
garded or expressed too briefly, cf. [L]. We will dwell on them a bit. 

A superspace is a Z/2-graded space; for a superspace F = Vg ® Fj denote by n(y) another copy of the 
same superspace: with the shifted parity, i.e., (n(V^)):^ — V^_|_j. The superdimension of V is dimF = p + qe, 
where e^ = 1 and p = dim Vg, q = dimV^j. (Usually, diniT^ is expressed as a pair (p, q) or p\q] this obscures 
the fact that dim V ®W = dim V ■ dim W .) 
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2 PAVEL GROZMAN, DIMITRY LEITES 

A superspace structure in V induces the superspace structure in the space End(y). A superalgebra is a 
superspace A with an even multiphcation map m : Ai^ A — > A. 

A basis of a superspace is by definition a basis consisting oi homogeneous vectors; let Par = (pi, . . . ,Pdimv) 
be an ordered collection of their parities. We call Par the format of V. A square supermatrix of format 
(size) Par is a diml/ x dim V^ matrix whose ith row and ith column arc of the same parity pi. The matrix 
unit Eij is supposed to be of parity pi + pj and the bracket of supermatrices (of the same format) is 
defined via Sign Rule: if something of parity p moves past something of parity q the sign (—1)'"' accrues; the 
formulas defined on homogeneous elements are extended to arbitrary ones via linearity. For example: setting 
[X, y] = XY — (— l)p('''^)p(^)yx we get the notion of the supercommutator and the ensuing notion of the 
Lie superalgebra (that satisfies the superskew-commutativity and super Jacobi identity). 

We do not usually use the sign A for differential forms on supermanifolds: in what follows we assume 
that the exterior differential is odd and the differential forms constitute a supercommutative superalgebra; 
we keep using it on manifolds, sometimes, not to diviate too far from the conventional notations. 

Usually, Par is of the form (0, . . . , 0, 1, . . . , I). Such a format is called standard. The nonstandard formats 
are vital in the classification of systems of simple roots; the corresponding defining relations arc distinct. 

0.1. The general linear Lie superalgebra of all supermatrices of size Par is denoted by Q[{Par), usually, 
fl[(0, . . . ,0, i, . . . , 1) is abbreviated to 0l(dimVg| dimVj). Any matrix from Ql{m\n) (i.e., in the standard 
format) can be expressed as the sum of its even and odd parts: 

c d) = \q d) + \c o)' ^^"'" ^((o d))=~^^p\\c ojj^i- 

More generally, we can consider matrices with the elements from a (usually, supercommutative) su- 
peralgebra C. Then the parity of the matrix with only one nonzero i,j-th entry Xi_j € Cis equal to 

The supertrace is the map gl{Par) — > C, (Aij) i-^ ^(— 1)^* A^^. The superspace of supertraceless matrices 
constitutes the special linear hie subsupcralgebra s[(Par). 

Superalgebras that preserve bilinear forms: two types. To the linear map F : V — > W of 
superspaces there corresponds the dual map F* : W* — > V* of the dual superspaces; if A is the supermatrix 
corresponding to -F in a format Par^ then to F* the supertransposed matrix A^^ corresponds: 

(A"*)y = (-i)fe+p.)fe+p(^))Aji. 

The supermatrices X E Ql{Par) such that 

X'^B + (-1)p(^)p(^)bx = for a homogeneous matrix B e Ql{Par) 

constitute the Lie superalgebra out(-B) that preserves the bilinear form on V with matrix B. If B corresponds 
to a nondegenerate supersymmetric form, then for the canonical form of its matrix in the standard format 
we can select either Bev or B[,^ (each canonical form has its (dis)advantages): 

BUm\2n)=(^- j1) ' where J,„ = ^^ q") , or i?:„(H2n) ^ (^"^^^^^f ' ' ' ' ' ^^ ^^ 

The usual notation for aui{Bev{m\2n)) is osp'^^ {m\2n) . (Observe that the passage from V to ll{V) sends 
the supersymmetric forms to superskew-symmctric ones, preserved by the "symplectico-orthogonal" Lie 
superalgebra osp'*'^(m|2n) which is isomorphic to osp''^(m|2n) but has a different matrix realization. We 
never use notation sp'o{2n\m) in order not to confuse with the special Poisson superalgebra. To understand 
this statement, recall that on the superspace of bilinear forms Bil{V) there is an involution u : B i-^ B" 
which on matrices acts as follows: 



B21 B22J \Bi2 B22 

In the standard format the matrix realizations of these algebras are: 

'E Y -X* 
osp''^(m|2n) = { \ X A B j )• ; osp"'=(m|2n) 
C 






where „ At]^ sp(2n), E G o(m) and is the usual transposition. 



A nondegenerate supersymmetric odd bilinear form Bodd{n\n) can be reduced to a canonical form whose 
matrix in the standard format is J2„. A canonical form of the superskew odd nondegenerate form in the 
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standard format is Il2n = I -, ^)- The usual notation for aut(i?o(id(-Pa^)) is pe(Par). The passage from 

V to n(y) sends the supersymmetric forms to superskew-symmetric ones and estabhshes an isomorphism 
pe*^(Par) = pe'''^(Par). This Lie superalgebra is called, as A. Weil suggested, periplectic, i.e., odd-plectic. 
The matrix realizations in the standard format of these superalgebras is: 

pe^^ in) = U^ _^^^ , where B = -B\ C = C'\ 

pc'''{n) = if^ J^J , where B = B*, C = -C" 

The special periplectic superalgebra is spe(n) ~ {X G pe(f^) : strX = 0}. 

0.2. Vectoral Lie superalgebras. The standard realization. The elements of the Lie algebra £ = 
5er C[[u]] are considered as vector fields. The Lie algebra £ has only one maximal subalgebra Cq of finite 
codimension (consisting of the fields that vanish at the origin) . The subalgebra Cq determines a filtration of 
£: set 

£-1 = £; £^ = {D e A_i : [D, £] C d-i} for i > 1. 
The associated graded Lie algebra L — © Li, where Li — Ci/Ci+i, consists of the vector fields with 

polynomial coefficients. 

Unlike Lie algebras, simple vectoral sMperulgebras possess several maximal subalgebras of finite codimen- 
sion. 

1) General algebras. Let x = (mi, . . . , u„, 6*1, . . . , 6'm) the Ui are even indeterminates and the 6j are 
odd ones. The Lie superalgebra Oect(n|TO) is ^er C[a;]; it is called the general vectoral superalgebra. 

Remark . Sometimes we write tiect(a;) or even t)ect(y) ii V — Span{x) and use similar notations for the 
subalgebras of Oect introduced below. Algebraists sometimes abbreviate Oeci(n) and st)ect(n) to W„ (in 
honor of Witt) and S'„, respectively. 

2) Special algebras. The divergence of the field D — ^ fi'Sr + X) dJW' ^^ ^^^ function (in our case: a 
polynomial, or a series) 

J j -I 

• The Lie superalgerba sX!tci{n\fn) — {D G X)tzi{n\m) : divZ) = 0} is called the special or divergence-free 
vectoral superalgebra. 

It is clear that it is also possible to describe soect as {D E Oect(n|TO) : LdvoIx = 0}, where volx is the 
volume form with constant coefficients in coordinates x and Ld the Lie derivative with respect to D. 

• The Lie superalgerba stiectA(0|TO) = {D e Oect(0|m) : div(l + A^i 0m)D = 0} — the deform of 

stiect(0|?Ti) — is called the special or divergence-free vectoral superalgebra. It is cleat that stiectA(0|TO) = 
stiectp(0|m) for X/i ^ 0. Observe that p{X) = m mod 2, i.e., for odd ra the parameter of deformation A is 
odd. 

3) The algebras that preserve PfafF equations and differential 2-fornis. Set 

(5 = dt + y {Pidqi — Qidpi) + > (^jdSj and a) = da. 

l<i<n l<j<m 

(Here we set u — (t,pi, . . . ,Pn, gi, . . . , (7„).) The form ai is called contact, the form wq is called symplectic. 
Sometimes it is more convenient to redenote the 0's and set 

£,j — —/={0j — i&r+j)] Vj = ~~/={0j + i&r+j) for j < r ~ [to/2] (here i^ = —1), 6 = ^2r+i 
V 2 V 2 

and in place of ci) or a take a and uj ~ da, respectively, where 

a = dt+J2 (Pidqi - Qidpi) + J2 i^jd-V] + Vjd-Cj) if rn = 2r 

l<i<n l<j<r 

a— dt+ J2 {Pidqi — Qidpi) + J2 i^jdilj + Vjd^j) + (^d,9 if TO = 2r + l. 

l<i<n l<j<r 

The Lie superalgebra that preserves the Pfaff equation a = 0, i.e., the superalgebra 

e(2n + 1|to) = {D e Oect(2n + 1|to) : Loa = foa}, 
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(here fo G C[i,p, g,^] is a polynomial determined by D) is called the contact superalgebra. The Lie superal- 
gebra 

po(2n|m) = {D e t(2n + l|m) : iz5ai = 0} 

is called the Poisson superalgebra. (A geometric interpretation of the Poisson superalgebra: it is the Lie 
superalgebra that preserves the connection with form a in the line bundle over a symplectic supermanifold 
with the symplectic form da.) 

0.3. Generating functions. A laconic way to describe t and its subalgebras is via generating functions. 
Odd form a. For / G C[t,j3, g, ^] set : 

where E — "^yi -^ (here the y are all the coordinates except t) is the Euler operator (which counts the 

i 

degree with respect to the y), A(/) = 2/ — E(f), and Hf is the hamiltonian field with Hamiltonian / that 
preserves dai: 

-.=i:<i|:-||-)-M)""(i:^J-)./^*,..i^ 

The choice of the form a instead of a only affects the form of Hf that we give for m = 2fc + 1: 

f<^ opi oqi OQi dpi ^^ d^-j drij drjj d^j 89 89 

Since 

LK,{a)=K,{f)-a,, (0.1) 

it follows that Kf G fi(2n + l\m). 

• To the supercommutator [Kf, Kg] there correspond contact bracket of the generating functions: 

[Kf,Kg]^Ky-gy^^. 

The explicit formulas for the contact brackets are as follows. Let us first define the brackets on functions 
that do not depend on t. 

The Poisson bracket {•, ■}p,b. (in the realization with the form ujq) is given by the formula 

i<n j<ni 

and in the realization with the form lo'^ for m == 2fc + 1 it is given by the formula 

S f \ V^ / df dg df dg \ / 1 \p(/) F V^ / df dg , df dg \ , df_ dg -\ 

XJjySPb. — Z^ [gp. Qg. Qq. QpJ ( '^J [ l^ [q^. q^. i- Q^. d^j)~^ 00 06»J- 

{.f,g}kM. = A(/)^ - ^A{g) {f,g}p.t.. 



Then 



The Lie superalgebras of Hamiltonian fields (or Hamiltonian superalgebra) and its special subalgebra 
(defined only if n = 0) are 

[}(2n|m) = {D e Oect(2n|m) : Ldc^o = 0} and st){m) = {D e t)(G|m) : divD = 0}. 

It is not difficult to prove the following isomorphisms (as superspaces): 

i{2n+l\m) = Span{Kf : / G C[t,p,g,^]); f)(2n|m) = Span{Hf : / G C[p,q,^]). 

Remark . 1) It is obvious that the Lie superalgebras of the series Dect, soect, t) and po for n = are finite 
dimensional. 

2) A Lie superalgebra of the series t) is the quotient of the Lie superalgebra po modulo the one-dimensional 
center 3 generated by constant functions. Similarly, [e and s[e are the quotients of b and sb, respectively, 
modulo the one-dimensional (odd) center 3 generated by constant functions. 

3) There are analogues of the contact and hamiltonian scries with an even 1-form, [L]. 

Set spo(m) = {Kf G po(0|m) : J fv^ = 0}; clearly, sl){m) = spo{m)/^. 
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0.4. Nonstandard realizations. In [LSh] we proved that the following are all the nonstandard gradings 
of the Lie superalgebras indicated. Moreover, the gradings in the series Oect induce the gradings in the series 
soeci, and S0ect°; the gradings in t induce the gradings in po, (). In what follows we consider t{2n + l|m) as 
preserving Pfaff eq. a = 0. The standard realizations are marked by (*); note that (bar several exceptions 
for small m, n) it corresponds to the case of the minimal codimension of Cq. It corresponds to r = 0. There 
are also several exceptional nonstandard regradings; they are listed in sec. 2.6. 



Lie superalgebra 


its Z-grading 


Oect(n|m; r), 
<r < m 


degUi — deg^j — 1 for any i,j 


(*) 


deg^j = for 1 < j < r; dogUi = deg^r+s ~ 1 for any i 


,s 


t(2n + l\m;r), < r < [f ] 


degt = 2, degpi = degqt = deg^j = degr/j = deg6lfe = 1 for any i 


j,k (*) 


degt = degC» = 2, degr;, = for 1 < i < r < [f ]; 
degpi — deg Qi — degOj = 1 for j > 1 and all i 


t{l 2m; m) 


deg t — deg ^i — 1, deg 77^ = for 1 < z < m, 



Observe that the Lie superalgebras corresponding to different values of r are isomorphic as abstract Lie superal- 
gebras, but as filtered ones they are distinct. 

0.5. Stringy superalgebras. These superalgebras are particular cases of the Lie algebras of vector fileds, namely, 
those that preserve a structure on a what physicists call superstring, i.e., a supermanifold associated with a vector 
bundle on a circle. These superalgebras themselves are "stringy" indeed: as modules over the Witt algebra they are 
direct sums of several modules — strings. 

Let ifi be an angle parameter on a circle, t = expiiip). A stringy superalgebra is the algebra of derivations of either 
of the two supercommutative superalgebras 

i?^(n)=C[t-\i,Ci,... ,C„] or R'"{n)^C[t-\t,i^,... ,ir.-i,^ti]. 

R^{n) is the superalgebra of complex- valued functions expandable into finite Fourier series or, as superscript 
indicates, Laurent series. These functions are considered of the real supermanifold 5*^'" associated with the rank n 
trivial bundle over the circle. We can forget about ip and think in terms of t considered as the even coordinate on 

R^ (n) is the superalgebra of complex- valued functions (expandable into finite Fourier series) on the supermanifold 
^i|n-i,M associated with the Whitney sum of the Mobius bundle and the rank n — 1 trivial one. Since, as is well- 
known from Differential Geometry, the Whitney sum of two Mobius bundles is isomorphic to the trivial bundle of 
rank 2, it suffices to consider one Mobius summand. 

Introduce analogues of Dect, soect, soect" by substituting R^{n) instead of R{n) = C[i,^i, . . . ,5n]: 



ccct^(n) 



Oet i^^'fn) 



SDcctA(n) = {D e ucct^ 



div(t^D) = 0} 



l^{n) = {D £ occt^(n) : _D(qi) = foai for qi = dt + ^iid£_i and fo G R^{n)}. 

The same arguments as for t{2ra + l|n), prove that the elements that constitute t^{n) are generated by functions, 
and the formula for Kf is the same as for ^(l|n) with the only difference: / £ R^{n). 

Exercise , The algebras Dect^'^(n) and SDe:t^^(n) obtained by replacing R{n) with R^'' {n) are isomorphic to occt^(n) 
and scect^_ 1 (n), respectively. Moreover, fiOectJ(n) = soect^(n) if and only if A — /i G Z. 

If A G Z, the Lie superalgebra SDcct^(n) has a simple ideal of codimension e": 



— > SDcct°^(n) — > SDcct^(n) — > ^i 



■indt 



0. 



0.6. Distinguished stringy superalgebras. Nontrivial central extensions. Define the residue on 5*^'" setting 
Res : Vol — > C , fVolt,^ 1-^ the coefficient of in the expantion of /. 



A simple Lie superalgebra is called distinguished if it has a nontrivial central extension. The following are all nontrivial 
central extensions: 
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algebra 


cocycle 


The name of the extended algebra 


^(110) 


Kf,Kg^RcsfK't{g) 


Virasoro or Oit 


«^(lil)1 
«^(1) / 


Kf,K,^ResfKg{Kif{g) 


Ncveu-Schwarz or ns 
Ramond or r 


«"(1|2)1 


Kf,Kg^ResfKe,Kg^Ki{g) 


2-Neveu-Schwarz or ns(2) 
2- Ramond or r(2) 


e^(li3)\ 
I'" (3) i 


Kf,K,<^ResfK^KgKr,{g) 


3-Neveu-Schwarz or ns(3) 
3- Ramond or r(3) 


e^°(4)-i 

£M(4)J 


(1) ResfKg,Ke,Kg,Ke,{Ki)-\g) 
(3) ResfKiig) 


, , J 4-Neveu-Schwarz = ns(4) 
^''\ 4-Ramond = ns (4) 
, , r4'-Neveu-Schwarz = ns(4') 
^ ' { 4'-Ramond = ns(4') 
, , r4°-Neveu-Schwarz = ns(4'') 
^'^> [ 40-Ramond = ns(4") 


0ect^(l|2) 


the restrictions of the above cocycle (3) 

^1 = /i + 51 air + 52^ O2 = /^ + 51 air + 5^4 
^ Res(ffi5^-525U-ir'''^^^'''^^) 


Oert^(l|2) 


SDcct^(l|2) 


the restrictions of the above 


5^tA(l|2) 



To see the formulas of the last two lines better, recall, that explicitely, the embedding t)ect(l|A;) — > t{l\2k) is given 
by the following formula in which $ — X] C»^»- 

Recall that SDcctJ(l|2) is singled out by the formuUa 

fd^ + Y^ fidi e S0ect^(l|2) if and only if A/ = -a;div_D. 

0.7. Twisted loop superalgebras. Let g be a simple finite dimensional Lie superalgebra, tp an automorphisme of 
finite order k, let e be a primitive root of 1 of degree k. The automorphism tp determines a Z/fcZ-grading on g that 
we wiU denote by g = ®o<i<fc^^ 8'' where 



= 0i{'fi) = {»£ 



The Lie superalgebra 



,(1) 









is called a loop superalgebra. The Lie superalgebra 






mk-\-j 



mSZ, 0<i<fe-l 

is called a twisted loop superalgebra. (The maps of the circle somewhere are loops. So, the term "loop algebra" stems 
from the possibility to identify g^^' and g^^ with the Lie superalgebra of g-valued functions on the circle expandable 
into finite Fourier series.) 

In applications we encounter nontrivial central extentions of (twisted) loop superalgebras rather than the super- 
algebras themselves. The span of such an extension and the operator f ^ will be called a Kac-Moody superalgebra. 

Theorem . (Serganova, see [L], v. 22) a) For a simple finite dimensional g and an automorphism tp € Outg the 

( k) 

superalgebra gip does not contain any nontrivial ideal homogeneous with respect to the Z-grading defined by the 
formulas degg — for g £ g, degf = 1. 

b) Let (pi and tp2 be two automorphisms of g of orders fci and k2, respectively. If ipiip2^ G Aut'^{g), then g\p^ = 

(fc2) 

0.8. Central extensions of (twisted) loop superalgebras. There are two types of central extensions: one is 
associated with a nondegenerate supersymmctric invariant bilinear form on g (for the even form this is the straight- 
forward generalization of the Kac-Moody cocycle), the other one is the series: functions with values in the extensions 
off). 



what is 
extended 


the cocycle 


The name of the 
result of the extention 

of el'"' 


fli™' 


1) (X,F)H^ResB(X,^) 

where B is a symmetric bilinear form on g 

2) c^:X,Y^ Res f c(X, Y) 

where c is a nontrivial cocycle on g 


EB{gT'), 
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0.9. Exceptional algebras and s{A). All the Lie superalgebras described in this section are Z-graded of polynomial 
growth, i.e., of the form g — © ji, where [gi,gj] C gi+j (this means that g is graded); dimji < oo for all i and 

igZ 

Y^ dimgi grows as a polynomial in n. For the, so far limited, applications of the algebras whose growth is faster 

i| <n 

than a polynomial one see [Kl]. 

Observe that the exceptional Lie algebras are rather difficult to describe. The same is true for Lie superalgebras. 
The only consise way to describe them is with the help of the Cartan matrix, i.e., to present them as g{A). 

§1. What is g(A) and how to present it 

First, recall, how to construct a Lie algebra from a Cartan matrix. Let A — (aij) be an arbitrary complex n x n 
matrix of rank I. Fix a complex vector space i) of dimension 2n — I and its dual f|*, select vectors h\,h2, ■ ■ ■ ,hn € 1) 
and Qfi, . . . , Q„ £ 1)* so that aiihi) = aij. 

Let / = {ii , . . . , i„} C (Z/2Z)"; consider the free Lie superalgebra g[A, I) with generators ei, . . . , e„, fi, . . . , f„ 
and hi, h2, . . . , fen, where p{hi) = 0, p{ej) = p{fj) ~ ij and defining relations: 

[e,,fj]^5,,hr,[h,e,]^a,ih)e,;[hj,] = -a,ih)f,; [i},i)] = 0. (1.1) 

Let 

Q= ^ Zoi; Q* = {a G f)*; a = ^±niai,ni G Z+}. 

l<i<n 

For a = ^ WiOfi G Q, set ht{a) = ^rii. We call Q the set weights and its subsets Q the sets of positive or 
negative weights, respectively; ht{a) is the height of the weight a. 

Statement . ([Kl], [vdL]) a) Let n+ and fi_ be the superalgebras in g{A, I) generated by ei, . . . , e„ and fi, . . . , fn, 
respectively; then n+ and fi_ are free superalgebras with generators ei,...,e„ and fi,...,f„, respectively, and 
g{A,I) = fi+ © f) © ti_, as vector superspaces. 

b) Among the ideals ofg{A,I) with zero intersection with f) there exists a maximal ideal x such that t = rp|fi+ © 
tplfi- *s the direct sum of ideals. 

Set g{A,I) — g{A,I)/x. Neither g{A,I) nor g(A,lY — [g{A,I),g{A,I)] are simple. As proved in [vdL], the centers 
c of g{A, I) and c' of g{A, I)' consist of all fe G f) such that ai{h) = for alH = 1, . . . , n and the quotient of g{A, I)' 
modulo the center is simple. 

For the symmetrizable matrices A the simple Lie superalgebras of polynomial growth are listed in [vdL] (they are 
twisted loop superalgebras); for nonsymmetrizable ones Serganova proved (1989, unpublished) that these are only 
psq(n)"-' and a stringy superalgebra SDccta(l|2). (Notice that there is a crucial difference between loop algebras and 
stringy algebras: in the former every root vector acts locally nilpotently ([Kl]); this is false for the latter.) 

Clearly, the rescaling (e^ \-^ \f\iei, fi ^-+ ^/Xifi) sends A to diag(Ai, . . . , A„) • A. Two pairs {A, I) and {A' , I') are 
said to be equivalent if {A' , I') is obtained from (A, I) by a permutation of indices or if A' — diag(Ai, . . . , A„) • A. 
Clearly, equivalent pairs determine isomorphic Lie superalgebra. 

The matrix A (more precisely, a pair {A, I)) is called a Cartan matrix oi the Lie superalgebra g{A,I) and also of 
g{A,I), g'{A,I) as well as of g(^,/)/c and g {A,I)/c'. 

Let g be one of the Lie superalgebras g'{A,I), g{A,I)/c or g'{A,I)/c' . Set: 

ga ^ {g & g: [h, g] = a(h)g for any ft G i}} 

and define the subalgebras n± of g similarly to n± . 

A vector a G Q is called a root of g if 0a 7^ {0}. Denote by R the set of all the roots of g and let R — Rf] Q . 
In R, introduce a parity setting: 



p{a) = y^ n-jij, where a = y^ rijCtj G R. 



Statement . ([vdL]) Every Lie superalgebra g(A) possesses a root decomposition g = (BaeR Sa, where 0o = f) and 

[0a,0/3] C 0a + /3. 

Therefore, there exists a Z-grading g — (Bgi, where gi — g^ with n± = (BaeR± 9<^- 

ct(zQ and ht(a) — i 

Corollary . f) is a maximal torus of g{A,I) and g{A,I) while h/c and d/c' are maximal tori of g{A,I)/c and 
g{A,I)/c' , respectively. 

Our problem is to describe simple Lie superalgebras of the form g{A,I) more explicitely, i.e., to determine the 
generators of r. For an arbitrary A this is an open problem even for Lie algebras. 
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1.1. Bases (systems of simple roots). Let R be the root system of g. For any subset B — {ui, . . . ,o-„} C R , 
set: 

Rg = {a e R : a = ± ^ Uiai, Hi £ Z+}. 
± 
Clearly, dimgi,,^ = (1, 0) or (0, 1) and i?+ f| i?^ = {0}. 

The set B is called a base of R (or g) or a system of simple roots if ai , • • • , (t„ are linearly independent and there 
exist ei G g^i , • • • , e"„ £ Qa„ , /i G 0-<ti , ■ ■ ■ , fn G 0-<t„ such that: 

where g^ (resp. g^) is the superalgebra generated by ei, . . . , e^ (resp. /i, . . . , /„). 

Let B be a base and e'l, . . . , e^, /i, . . . , /„, the corresponding elements of g. Set /li = [ii, fi] , Ab ~ (oij), where 
Oij = cri(hj) and Ib = {p(o-i), • • • ,p(cr„)}. 

The matrix Ab or, more precisely, the pair (Ab,Ib), is called the Cartan m,atrix of g. The elements e^, /^ and hi 
for i = 1, . . . , n, satisfy the relations (LI). Since there is no ideal in g with a non-zero intersection with f), we have: 

Two bases Bi and B2 are called equivalent if the pairs (Asj,7sj) and {Ab^jIb^) are equivalent. 

Hereafter g = q{A,I). How many Cartan matrices correspond to the same Lie superalgebra g? Let g(^) be a Lie 
superalgebra with Cartan matrix. 

The following proposition due to V. Serganova lists, up to equivalence, all bases of g and, therefore, all Cartan 
matrices. 

Proposition . Let B he a base, ei, fi, for i = 1, . . . ,n the corresponding set of generators and Ab = (flij) the Cartan 
matrix. Fix an i. Then: 

a) If p{(7i) — then, if g is of polynomial growth, an 7^ and the Lie subalgebra generated by the ei and fi is 
isomorphic to s((2). 

b) If p(oi) = 1 and an = 0, then ai ^ R and the sub superalgebra generated by the Ci and fi is isomorphic to 
sl(l|l). 

c) // p{cyi) — 1 and an 7^ 0, then Oi ^ R and the subsuperalgebra generated by the ei and fi is isomorphic to 
osp(l|2). 

1.3. Chevalley generators and odd reflections. Let us multiply Ab from the right by a diagonal matrix so that 
in the cases a), b) or c) of Proposition 1.2 the diagonal elements of Ab become 2, or 1, respectively. Such a matrix 
is said to be normed. 

Convention . In what follows we only consider normed matrices. 

A typical way to represent Lie algebras with integer Cartan matrices is via graphs called in the finite dimensional 
case Dynkin diagrams. The Cartan matrices of Lie superalgebras can be nonsymmetrizable or have complex entries; 
hence it is not always possible to assign to them an analog of the Dynkin diagram. 

Every integer Cartan matrix {A, I) can be encoded with an analog of Dynkin diagram. Namely, the Dynkin~Kac 
diagram of the matrix (A, I) is the set of n nodes (vertices) connected by multiple edges, perhaps endowed with an 
arrow, according to the following rules. The nodes are of four types: 

To every simple root there corresponds 

a vertex o if p(ai) = 0, and an — 2 

a vertex (g) if p{ai) = 1 and an — 0, 

a vertex • if p{ai) — 1 and an — 1; 

a vertex * if p{ai) — 0, and an — 0. 

A posteriori we find out that the roots * can only occure if q{A,I) grows faster than polynomially. 

Let the nodes corresponding to the i-th and the j-th roots be connected with max(|aij|, \aji\) edges andowed with 
the sign > pointing to the j-th node if \aij\ > \aji\. 

• It turns out that an integer Cartan matrix (oij) and a sequence / = {ii,. . . ,i„} connected with a base can 
be uniquely, up to equivalence, recovered from their Dynkin diagram in all cases except g = J'(a), g = J)(a)'^^ or 
s[(2|4)''^-'. The procedure is as follows: 

1) If the i-th and the j-th nodes are connected by k segments with an arrow pointing towards the j-th node, set: 

\aij\ = k, \aji\ = 1; 

2) If the i-th and the j-th nodes are joined by k segments without arrows, set 

I f^ij I — I^J^I — '*'■ 

If the j-th node is •, then Ojj = 1 ij — 1, 
3) If the j-th node is ®, then Ojj =0 ij — 1, 

If the j-th node is o, then 
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4) If an 7^ then aji < for any j 7^ i. 

5) If Uij — 0, then the i-th column is recovered, up to multiplication by —1, as follows: if aji 7^ for exactly one 
j, then the sign of aji may be chosen arbitrarily. 

If ajj^i, aj2i 7^ for exactly two distinct indices ji, J2, then aj-^i/aj^i < 0. 

If Ojii, Ojji, aj^i 7^ for exactly three distinct indices j\, J2, ja so that ajuj 7^ 0) '^iiia ~ '^J2J3 = 0) then 

The set of generators corresponding to a normed matrix is often denoted in what follows by X^ , • • • , X^ and 
Xi , . . . , X^ instead of ei , . . . , e„ , and /i ,...,/„ , respectively, and X- , 1 < i < n are called the Chevalley generators. 

The reflection in the ith root sends one set of Chevalley generators into the new one: Xf" — X^\ Xj' = [X^ , X ] 
if aij 7^ and Xj^ = X otherwise. The reflections in roots with an 7^ generate the Weyl group of gg- For the 
discussion of what is generated by the other reflections, called odd ones, see [LSS], [S] and [E]. It is instructive to 
compare [E] with [PS]. 

1.4. Serre-type relations. Let g = 0(^)- Let f) C g be a maximal torus (i.e., the maximal diagonalizing commuta- 
tive subalgebra), q^ , g^ subalgebras of g generated by root vectors corresponding to positive (resp. negative) roots; 
let the rank rkg of g be equal to n = dimg; let X^ , where 1 < i < n, be root vectors corresponding to simple roots 
(for +) and their opposite (for — ). Set Hi — [X^ ,X~]. It is subject to a direct verification that 

[H„H,]=Q, [X+,XJ]=5,,H„ [H„Xf]=±a,,Xf (SRo) 

Clearly, the generators of n are X^ , Xj , . . . , X„ . The deflning relations are found by induction on n with the 
help of the Hochschild-Serre spectral sequence (see [Fu], [GM]). For the basis of the induction consider the following 
cases: 

o or • : no relations; ® : [X*,X*] = 0. (1-4.1) 

Set degX^ = for 1 < i < n— 1 and dcgX„ = ±1. Let n = ©n^ , g = ©g^ be the corresponding Z-gradings. From 
the Hochschield-Serre spectral sequence for the pair tIq C n wc get (with n± = n /n,y): 

H2{4)(BHi{4;Hi{n±))®Ho{4;H2{n±)). (1.4.2) 

In the cases we are considering it is clear that 

Hi(n±)=nf, H2{n±)=E''{nt)/4 (1-4.3) 

and, therefore, the second summand in (1.4.2) provides us with relations of the form: 

{ad X„ ) "' (Xj ) = if the n-th root is not ® 

or 

[X„, X„] =0 if the n-th root is (8> • 
while the third summand in (1.4.2) consists of n,y-lowest vectors in 

Let the matrix B = (bij) be obtained from the Cartan matrix A — (aij) by replacing all nonzero elements in the 
row with Oii = by — 1 and multiplying the row with an = 1 by 2. The following proposition is straightforward: 

Proposition . The numbers ki„ and kni are expressed in terms of (bij) as follows: 

(adX±)i-^-(X±)=0 fori^j 

{SR±) 
[X±,X±]=0 i/a« = 

The relations (S'i?o) and {SR±) will be called Serre relations for Lie superalgebra g(^). 

1.5. Non- Serre-type relations. Let us consider the simplest case: sl{m\n) in the realization with the base 
Q Q (g) Q Q. Then H2{n±) from the third summand in (2.2) is just ^^(ni). 

Let us confine ourselves to the positive roots for simplicity. Let Xi, . . . , Xm-i; Yi, . . . , Y„-i be the root vectors 
corresponding to even roots, Z the root vector corresponding to the root (g). 

If n = 1 or m = 1, then E^{n) is an irreducible ng-module and there are no non-Serre relations. If n 7^ 1 and 
m 7^ 1, then -E^(n) splits into 2 irreducible ng-modules. The lowest component of one of them corresponds to the 
relation [Z, Z] — 0, the other one corresponds to the non- Serre-type relation 

[[X^-i,Z],[Yi,Z]]=0. (*) 

If instead of sl{m\n) we would have considered the Lie algebra sl{m + n) the same argument would have led us to 
the two relations: [Z, [Z, X^-i\] = and [Z, [Z, Yi]\ = both of Serre type. 
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Let US consider the other root systems for the simplest example sl(l|n) to see what might happen. We start from 
the simplest base (one grey root) and apply to it odd reflections, see [PS], with respect to the first and then second 
root. We get the generators as indicated that satisfy, besides Serre relations, the relations indicated: 

diagram the corresponding generators non-Serre relations 

®-o-o-o-o- Xi, X2, X3, X4, X5 

O-O-O-O-O- Xr, [Xi,X2], X3,X4, X5 [[Xi,X2],X4]=0 

o-(8)-(8)-o-o- X2, [X^,X:,], [[Xi,X2\,Xi],Xi,X„ [[[Xi,X2],X3],X2]=0, [[X' ,X:,],Xi\=Q, 

[[[Xl,X2],X3],X5l=0 

For sl(m + n) we similarly have (the passage from diagram to diagram is given by odd reflections in the 3rd, 4th, 
2nd roots, respectively: 

diagram the corresponding generators non-Serre relations 

o-o-®-o-o- Xi, X2, Xi, Xi, Xr, 

0-®-®~®-0- Xi,[X3,X2],X^,[X-i,Xi],X^, [[X3,X2l,[X3,X4]l=0 

o-®-o-®-®~- X^,[Xz,X2],Xi,[X^,X^l [[[Xi,X2],X3],X2]=0,... 

[[^3,X4],X5] 
®-®-®-®-®- [Xi,[X3,X2]], [X^,X:,], [[Xl,[X2,X3l],[[X3,X4],X5]]=0,... 

[[X;,X2],X4, [X^,X^], [[Xz,X4,Xr,] 

The idea of construction of the relations is clear, so we do not list all of them but leave the completion of the third 
column as an exersise. Contrarywise it is absolutely unclear, how to single out the basic relations. In what follows 
we list all the basic relations for the exceptional Lie superalgebras and for the "key cases" for the remaining series. 
The relations listed in [LSS] and [LSe], namely, all the Serre relations for all bases are, clearly, very redundant. 

Problem . How to single out the basic relations in the general case? How to describe the change of relations under 
the action of odd reflections? 

1.6. Theorem . All the non-Serre-type relations become Serre relations after an appropriate odd reflection from a 
super Weyl group. (For the definition of a super Weyl group see [LSS], [S] and [E].) 

In Tables below for a finite dimensional algebra its dimension is indicated. The generators are assumed to corre- 
spond to positive roots. Their parities are determined by the corresponding diagonal elements of the Cartan matrix, 
since we do not consider the algebras of infinite growth. We only consider the Chevalley generators corresponding to 
the positive roots. 



sl(2|2), dim = (7|8) 



32. Table 2.1. Relations for symmetrizable Cartan matrices 



[xi,a;3] = [a;i,a;i] = 

[2:2, 2:2] = /O 1 0\ [a;i,a;3]=0 




[a;i,[j:i,a;2]] =0 -1 1 [a;2,a;2]=0 

[a;3,[a^2,a;3]] = \0 ~1 oj [a;3,a;3]=0 

[[a::i,a;2], [a::2,a::3]] = [[0:1,3:2], [0:2,2:3]] = 



sl(lj3), dim = (9|6) 




[xi,xi] = [a:i,a:i] — 

[2:1,2:3] = / 1 0\ [2:1,2:3] =0 



[2:2, [2:1, 2:2]] = -1 1 [2:2,2:21=0 

[2:2, [2:2, 2:3]] = \0 -12/ [2:3, [2:2,2:3]] =0 

[2:3, [2:2,2:3]] = [[2:1,2:2], [2:2,2:3]] = 



002, dim = (17|14) 




[2:1,2:1] = [2:1,2:1] = 

[2:1,2:3] = /O 1 0\ [2:1,2:3] = 



[2:2, [2:1,2:2]] = -1 3 [2:2,2:2] = 

[2:3, [2:2,2:3]] =0 \0 -12/ [2:3, [2:2,2:3]] =0 

[2:2, [2:2, [2:2, [2:2,2:3]]]] = [[2:1,2:2], [[2:1,2:2], [[2:1,2:2], [2:2,2:3]]]] = 

[2:1,2:1] = 

[2:2,2:2] = 

[2:2, [2:1,2:3]] = - 1 [2:3, [2:1,2:2]] 

[2:3, [2:1,2:3]] = 

[2:3, [2:3, [2:2,2:3]]] = 




osp(3|2), dim = (6|6) 



osp(2|4), dim = (llj8) 






1 





-1 


2 


-2 





-1 


2 
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[a;i,a:3] = 

'2 -1 0\ [X2,X2\=Q 

-3 2 [a;i,[xi,a:2]] =0 

^0 -11/ [[a;2,a;3], [2:3,3:3]] = 

[2:3, [[3:1,3:2], [2:2,3:3]]] = -^[[3:2, 3:3], [0:3, [3:1,0:2] 



1\ [3:1,0:1] = /O 1\ [3:1,3:1] =0 

-2 2) [3:2, [3:2, [3:1,0:2]]] =0 \-l 1) [[3:1,3:2], [3:2,3:2]] =0 



[3:1,3:1] = [3:1,3:1] = 

[3:1,3:3] = /O 1 0\ [3:1,3:3] =0 



osp(3|4), dim = (5|6) 



osp(5l2), dim = (13|10) 






1 





-1 





2 





-1 


2 






-2 


1 


-2 





1 


-1 


-1 


2 



2 


-1 





-1 





1 





-2 


2 




[3:2, [3:1,3:2]] =0 -1 2 [3:2,3:2] =0 

[3:3, [3:2,3:3]] =0 \0 -12/ [3:3, [3:2,3:3]] =0 

[3:2, [3:2, [3:2,3:3]]] = [[3:1,3:2], [[3:1,3:2], [3:2,3:3]]] = 

[3:1,3:1] = 
[3:2,3:2] = 

[3:2, [3:1,3:3]] = -i [3:3, [3:1,3:2]] 

[3:3, [3:1,3:3]] = 
[3:3, [3:2,3:3]] = 



[3:1,3:3] = [3:1,3:1] = 

[3:2,3:21 = /O 1 0\ [3:1,3:3] =0 

[3:1,(3:1,3:2]] = -1 1 [3:2,3:21=0 

[3:3, [3:3, [3:2,3:3]]] = \0 -11/ [[3:1,3:2], [3:2,3:3]] = 

[[3:1,3:2], [3:2,3:3]] = [[3:2,3:3], [3:3,3:3]] = 

[3:1,3:1] = 

[3:1,3:3] = 

[3:2, [3:1,3:2]] = 

[3:2, [3:2,3:3]] = 

[[3:2,3:3], [3:3,3:3]] = 



[3:1,3:3] = [3:1,3:1] = 

[3:2,3:21 = /O 1 0\ [3:1,3:31=0 




[3:1, [3:1,3:2]] =0 -1 1 [3:2,3:21=0 

[[3:1,3:2], [3:2,3:3]] = \0 -2 2/ [3:3, [3:3, [3:2,X3]]] = 

[[x2, 3:3], [3:3, X3]] = [[a:i, 3:2], [3:2, 3:3]] = 

[3:1,3:1] = 

[3:1,3:3] = 

[3:2, [3:1,3:2]] = 

[3:2, [3:2,3:3]] = 

[3:3, [3:3, [3:2,3-3]]] = 






1 





-1 


2 


-1 





-2 


2 



osp^(4|2), dim = (9|8) 





[3:1,3:31 = ,^ _^ qx [3:1,3:31=0 

[3:2,3:21 = / ^ Q \ [3:2,3:21=0 

[3:1, [3:1,3:2]] = I Q _^ 2/ [3:1, [3:1,3:2]] = 

[3:3, [3:2,3:3]] = ^ ^ [3:3, [3:2,3:3]] = 

[3:1,3:1] = 

[3:2,3:2] = 

[3:3,3:3] = 

[3:2, [3:1,3:3]] = (-1 - q) [3:3, [3:1,3:2]] 
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[a;i,a;i] = 

[2:2, 2:2] = 

[a;3,a;3l = 

[x2, [a;i,a;3]] = (-1 - a) [xs, [a;i,a::2]' 




[a;i,a::3] = 

[a;2,a::2] = 

[xi, [a;i,a::2]] = 

[a;3,[x2,a:3]] = 



osp(6|2), dim = (18|12) 



/ 


1 





\ 


-1 


2 


-1 


-1 





-1 


2 





\o 


-1 





2/ 



[a;i,a::i] = 

[a;i,a::3] = 

[a;i,a::4] = 

[a;3,a::4] = 

[x2, [a:;i,a;2]] = 

[X2, [2:2,3:3]] = 

[x2, [a;2,a:4]] = 

[a;3,[a;2,a:3]] = 

[x4„ [a;2,a::4]] = 



/ 10 0^ 

-10 11 

0-120 

V -10 2/ 



[a;i,a;i] = 

[a;i,a;3] = 

[a;i,a;4] = 

[a;2,a;2] = 

[2:3, 0:4] = 

[2:3, [a;2,a;3]] = 

[x4, [a;2,a;4]] = 

[[a;i, 0:2], [3^2, 0:3]] = 

[[a;i,a;2], [2:2, 2:4]] = 



/ 2 


-1 





0\ 


-1 





1 


1 





1 





-2 


\o 


1 


-2 


0/ 



[a;i,a;3] = 

[a;i,a::4] = 

[2:2,2:2] = 

[2:3,2:3] = 

[2:4,2:4] = 

[2:1, [xi,2;2]] = 

[2:3, [2:2,2:4]] = [2:4, [2:2,2:3]] 

[[2:1,2:2], [2:2,2:3]] = 

[[xi,2;2], [2:2,2:4]] = 



osp(4|4), dim = (16|16) 



f 2 -10 0^ 

-10 11 

0-120 

\ -10 2/ 



[2:1,2:3] = 

[2:1,2:4] = 

[2:2,2:2] = 

[2:3,2:4] = 

[2:1, [2:1,2:2]] = 

[2:3, [2:2,2:3]] = 

[2:4, [2:2,2:4]] = 

[[2:1,2:2], [X2, 2:3]] = 

[[2:1,2:2], [2:2,2:4]] = 













[2:1,2:1] — 












[2:1,2:3] = 



^0 


1 



1 
1 




1 



-2 


0\ 

1 

-2 
0) 


[2:3, [2:2 
[[XI 
[[xi 


[^1,2:4] = 
[2:2,2:2] — 
[2:3,2:3] = 
[2:4,2:4] — 
,2:4]] = [2:4, [x2, 2:3 
2:2], [x2, 2:3]] =0 
2:2], [2:2,2:4]] = 



abi, dim = (24|16) 



















[2:1,2:3] = 




















[2:1,2:4] = 




^2 
-3 



-1 



-1 






1 

2 
-1 


0\ 


-2 

2^ 










[2:2,2:2] = 

[2:2,2:4] = 

[2:1, [xi, 2:2]] =0 

[2:3, [X2, 2:3]] =0 

[2:4, [2:3, 2:4]] = 

[2:3, [2:3, [2:3,2:4]]] = 












[[a^3 


2:4] 


,[[2:1 


X2\ 


[2:2,2:3]]] = 2 [[2:3, [2:1,2:2]] 


, [2:4, [2:2,2:3 



/ 


-3 


1 


0\ 


-3 





2 





1 


2 





-2 


\o 





-1 


2/ 



[2:1,2:1] = 

[2:1,2:4] = 

[2:2,2:2] = 

[2:2,2:4] = 

[2:3,2:3] = 

[2:2, [2:1,2:3]] = -|[2;3, [2:1,2:2]] 

[2:4, [2:3, 2:4]] = 

[[2:2,2:3], [2:3,2:4]] = 

[[2:1,2:3], [[2:1,2:3], [2:3,2:4]]] = 
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/ 2 -1 0^ 

-1 2 -10 

0-203 

\ 0-12/ 



[a;i,a;3] = 

[x-i, X4] — 

[a;2,a;4] = 

[xsjXs] = 
[xi, [a;i,a;2]] = 
[x2, [a;i,a;2]] = 
[a;2, [a;2,a;3]] = 

[X4, [X3,X4,]] = 

'[X2,X3], [X3,X4]], [[a:3,[a:i,a;2]], [[2:2, 3:3], [a;3,a::4]' 



(^ 


-1 





0\ 


-2 





2 


-1 





2 





-1 


^0 


-1 


-1 


2/ 



[xijXs] = 

[a;i,X4] = 

[3:2,2:21 = 

[3:3,2:31 = 

[a;i, [a;i,a;2l] = 

[a;3,[a;2,a;4l] = -f [2:4, [2;2,2;3l] 

[2:4, [2:2,2:41] = 

[2:4, [2:3,2:41] = 

[[2:1,2:2], [2:2, 2:3]] = 



/ 1 0\ 
-10 2 
0-12-1 

\ 0-12/ 



[2:1,2:1] = 

[2:1,2:3] = 

[2:1,2:4] = 

[2:2,2:21 = 

[2:2, X4I = 

[2:3, [2:2, 2:3]] = 

[2:3, [2:3, 2:4]] = 

[2:4, [2:3,2:4]] = 

[[2:1,2:21, [[2:1,2:2], [2:2, 2:3]' 



/ 2 


-1 





0\ 


-1 


2 


-1 








-2 


2 


-1 


\o 





-1 


0/ 



[2:4,2:4] = 

[2:1,23] = 

[2:1,24] = 

[2:2,24] = 

[2:1, [2:1,2:2]] = 

[2:2, [2:1,2:2]] = 

[2:2, [12,2:3]] = 

[2:3, [2:3, 2:4]] = 

[23, [23, [2:2,23]]] = 



002 (relations computed up to degree 12) 



/2 -1 ^ 
4 0-10 
0-12-3 

\0 -1 2 / 



[Xl,23] = 
[Xl,24] = 

[2:2,22] = 

[2:2,24] = 

[21, [21,22]] = 

[23, [22,23]] = 

[24, [23,24]] = 

[23, [23, [23, [23,24]]]] 



= 



[[23,24], [[21,22], [22,23]]] = 3 [[23, [21,22]], [24, [22,23]; 



/ 


-4 


3 


0\ 


-4 





1 





3 


1 





-3 


\o 





-1 


2/ 



[21,21] = 

[21,24] = 

[22,22] = 

[22,24] = 

[23,23] = 

[22, [21,23]] = -§[2:3, [2:1,22] 

[24, [23, 24]] = 

[[21,23], [23,24]] = 

[22,23], [[22,23], [[22,23], [23,24]]; 



= 
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[a;i,a;3l = 












K,a;4l = 


/ 2 
-1 



-1 

2 

-3 




-1 


-1 


0\ 


2 

y 






[a;2,a;4] = 

[x3,a;3] = 

[a;i,[a;i,a;2]] = 

[a;2,[a;i,a;2]] = 

[a;2,[a;2,a;3]] = 












[[a:3,a;4],[a;4,a:4]] =0 










a;4,[[a;2,a::3],[a;3,a::4]]] = -^[[x3,X4], 












[xi,X3] = 












[a;i,a;4] = 






\ 


2 

-3 




-1 
3 
3 
-1 -2 


0\ 
-1 
-2 

2^ 


[a;2,a::2l = 
[a;3,a::3] = 

[a;i,[a;i,a;2]] = 
[2:3, [2:2, 2:4]] = — 5[a;4, [a;2 

[x4,[a;2,a;4]] = 












[0:4, [0:4, [X3, 0:4]]] = 












[[a;i,a;2], [2:2, 2:3]] = 












[3:2,2:21 = 












[2:1,2:31 = 


/ 1 

-2 



-1 


-1 






3 

2 

-1 


0' 


2. 






[2:1,2:4] = 

[2:2,2:4] = 

[2:3, [2:2, 2:3]] = 

[2:3, [2:3, 2:4]] = 

[2:4, [2:3, 2:4]] = 












[[2:1,2:1], [2:1,2:2]] = 










[[a;i,a;2],[a;3,[a;i,a::2]l] = -[[2:2, 2:3] 












[2:2,2:2] = 












[2:1,2:3] = 


/ 1 
-1 



-2 

3 





-1 
2 

-1 


0^ 


-1 

2, 






[11,2:4] = 

[^2,2:4] = 

[2:3, [2:2, 2:3]] = 

[2:3,[X3,2;4l] = 

[X4, [2:3,2:41] = 












[[2:1,2:1], [2:1,2:211 = 














[[a;i,a;2],[a;3, [2;i,a::2]]] = -[[2:2, 2:3] 



[2:4, [2:2, 2:3]]] 



,2:3]] 



[2:2, [2:1,2:1] 



[2:2, [2:1,2:1]]] 



osp(4|2)"' (relations computed up to degree 12) 




[2:1,2:3] = 

[2:2,2:2] = 

[2:3, [2:3, [2:2,2:3]]] = 

[[2:1,2:1], [2:1,2:2]] = 

[[2:1,2:2], [2:2,2:3]] = 



ps[(3|3)'''' (relations computed up to degree 12) 





[^1,2:3] = 

[2:2,2:2] = 

[2:1, [2:1, [2:1,2:2]]] = 

[2:3, [2:3, [x2, 2:3]]] = 

[[2:1, X2], [2:2,2:3]] = 

[[2:1, [2:1,2:2]], [2:3, [2:2,2:3]]] = ^[[2:3, [2:1,2:2]], [2:3, [2:1,2:2]] 

[2:1,2:3] = 

[2:2,2:2] = 

[[xi,2:i], [2:1,2:2]] = 

[[xi,2;2], [2:2,2:3]] = 

[[2:2,2:3], [2:3,2:3]] = 

[[2:2, [2:1,2:1]], [2:3, [2:2,2:3]]] = -[[2:3, [2:1,2:2]], [2:3, [2:1,2:2]; 



osp^(4|2)'^-', (computed up to degree 12) 
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(2 -I \ 

2 -a 

2 1+a 

V-1 -1-1 / 



[24,24] — 

[21,22] = 

[21,23] = 

[22,23] = 

[21, [21,24]] = 

[22, [22,24]] = 

[23, [23,24]] = 



[[22,24], [[21,24], [23,24]]] 



f^ [[23,24], [[21,24], [22,24]]] 



/ 


-1 


—a 


1 + a 


-1 





1 + a 


—a 


—a 


1 + a 





-1 


\l + a 


—a 


-1 






[21,21] = 

[22,22] = 

[23,23] = 

[24,24] = 

[22, [21,23]] = a [23, [21,22]] 

[22, [21,24]] = -(1 + a) [24, [21,22]' 

[23, [21,24]] = -i±^ [24, [21,23]] 

[23, [22,24]] = -if^ [24, [22,23]] 



,(1) 



obg (computed up to degree 12) 



/ 2 -3 Q\ 
-10-10 
1 2-10 
0-2 2-1 

V 0-12/ 



[22,22] = 







[21,23] = 







[21,24] = 







[2:1,25] = 







[a;2, 24] = 







[22,25] = 







[23,25] = 







[21, [21,22] 


— 





[23, [22,23]; 


= 





[24, [23,24]; 


= 





[24, [24,25] 


= 





[25, [24,25] 


= 





[23, [23, [23,24]]] 


= 





[[23,24], [[21,22], [22,23]]] = 2 [[23, [21,22]], [24, [22,23]; 

















[22,22] = 
















[23,23] = 
















[21,23] = 
















[21,24] = 






^0 


-2 



2 
-1 






2 



-1 
-2 




-1 
-1 

2 




0\ 


-1 

2^ 


[23, 


[22 
[[2 


[21,25] = 

[22,25] = 

[24,25] = 

[21, [21,22]] = 

,24]] = — i [24, [22,23 

[24, [22,24]] = 
[24, [23,24]] = 
[25, [23,25]] = 
1,22], [22, 23]] = 














[[22,23], [23,25]] = 



16 



PAVEL GROZMAN, DIMITRY LEITES 



(^ 


-3 


1 





\ 


-3 





2 








1 


2 





-1 











-2 


2 


-1 


^0 








-1 


2/ 



/ 2 -3 \ 
-10-10 
2 2-10 
0-12-1 

\ 0-12/ 



[[[a;i,a;2], [2:2, 2:3 





[a;i,a;i] = 











[a;2,a;2] = 











[a;3,a;3] = 











[xi, X4] = 











[3^1 , x^\ ^ 











[X2, X4] = 











[a;2,a;5] = 











[a;3,a;5] = 









X2, 


[a;i,a;3]] = -i 


2^3 


, [2:1,2:2]] 




[X4, [X3,X4]] 


= 









[X4, [X4,X5]] 


— 









ia;5,[a;4,a;5]] 


= 









[[a;2,a;3],[a:3,a;4l] 


= 




[[^1 


,X3],[[X1,X3],[X3, 


^4]]] = 







[a::2,a;2] = 











[a::i,a;3] = 











[a:i,a;4] = 











[xijXs] = 











[X2, X4] = 











[a;2,a;5] = 











[a;3,a;5] = 











[xi, [a;i,a;2]] 


= 









[x3, [a;2,a;3]] 


= 









[X3, [0:3, 0:4]] 


= 









[x4, [a;3,a;4]] 


= 









[X4, [X4,X5]] 


— 









[x5, [a;4,a;5]] 


= 







I X:_ 


]], [[x4, [a;2,a;3]] 


,[[ 


El, 2:2] 


[2.-2,2:3 



= 



sl{2\4y ' , (computed up to degree 21) 



/ 2 


-1 


-1 


0\ 


-1 





2 


-1 


-1 


2 





-1 


\o 


-1 


-1 


2/ 



f 2 -10 0^ 

-2011 

0-102 

\ -12 0/ 



/ 2 -1 0\ 
-2 2 -10 
0-102 

\ 0-12/ 



[2:2,2:2] = 

[^3,2:3] = 

[xi,2:4] = 

[2:1, [2:1, 2:2]] = 

[2:1, [2:1, 2:3]] = 

[2:2, [2:1,2:3]] = [2:3, [2:1,2:2]] 

[2:3, [2:2, 2:4]] = —^[x4, [2:2, 2:3] 

[2:4, [2:2,2:4]] = 

[2:4, [2:3,2:4]] = 

[2:2,2:2] = 

[2:3,2:3] = 

[2:4,2:4] — 

[2:1,2:3] = 

[2:1,2:4] = 

[2:1, [2:1,2:2]] = 

[2:3, [2:2, 2:4]] = [2:4, [2:2, 2:3]] 

[[2:2,2:3], [[2:1,2:2], [2:2,2:3]]] = 

[[2:2 , 2:4] , [[2:1 , 2:2] , [2:2 , 2:4]]] =0 



[2:3,2:3] = 

[2:1,2:3] = 

[2:1,2:4] = 

[2:2,2:4] — 

[2:1, [^1,2:2]] = 

[2:2, [2:2,2:3]] = 

[2:4, [2:3,2:4]] = 

[2:2, [2:2, [2:1,2:2]]] = 

■[2:2, 2:3], [2:3, 2:4]], [[2:3,2:4], [[2:1,2:2], [2:2,2:3]]]] = 

- [[[2:2,2:3], [2:3,2:4]], [[2:3, [2:1,2:2]], [2:4, [2:2,2:3] 
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Table 2.2. Relations for nonsymmetrizable Cartan matrices 



There are two series of such algebras; S0ect^(lj2) and psq{n) 
psq(3)^^-' (computed up to degree 21) 



(2) 



2 


-1 


— 


-1 





1 


-1 


-1 


2 






1 


-1 


-1 





1 


1 


-1 






[a;2,a::2] = 

[2:1, [a;i,a::2]l = 

[2:1, [a;i,a::3]] = 

[2:3, [2:1,23]] = 

[2:3, [2:2,23]] = 

[[X2,[X1,2:3]], [22, [21,23]]] = 

[[22, [21,23]], [23, [21,22]]] - [[23, [21,22]], [23, [21,22]^ 

[[21, [[21,22], [22,23]]], [[22, [21,23]], [23, [23, [21,22]]]]] = 

-6 [[[21 , 23], [23, [21, 22]]], [[23, [21, 22]], [[21, 22], [22, 23]]]] 

-2 [[[22,23], [23, [21,22]]], [[23, [21,22]], [21, [23, [21,22]]]]] 

[21,21] = 

[22,22] = 

[23,23] = 
[[21,22], [22, [21,23]]] = -i [[21,22], [23, [21,22]]] 
[[21,23], [22, [21,23]]] = -2 [[21,23], [23, [21,22]]] 
[22,23], [22, [21,23]]] = [[22,23], [23, [21,22]]] 



'[21,23], [[21,22], [22,23]]] = i [[22,23], [[21,22], [21,23]' 



[[22, [21,23]], [23, [21,22]^ 



[[[21,22], [23, [21,22]]], [[23, [21,22], [[21,23], [22,23]]]] = 

-4 [[[22,23], [23, [21,22]]], [[23, [21,22]], [[21,22], [21,23]]]] 

+4 [[[21, 23], [23, [21, 22]]], [[23, [21,22]], [[21,22], [22,23]]]] 

21,22], [21,23]], [[21,23], [22,23]]], [[[21,22], [23, [21,22]]], [[22,23], [23 

[[[[21,22], [22,23]], [[21,23], [23, [21,22]]]], [[[21,23], [22,23]], [[21,22], 

[[[[21,22], [22,23]], [[21,23], [22,23]]], [[[21,22], [23, [21,22]]], [[21,23], 



, [2l,22jJJJJ = 

[23, [21, 22]]]] 
[23,(21,22]]]] 



psq(Ay ', (computed up to degree 21) 



/ 2 
-1 


-1 

2 



-1 


-1\ 






V-i 


-1 



2 
1 


-1 
0/ 



/ 

-1 


1 

2 



-1 


-i\ 





V-i 


-1 




1 


1 
0/ 



[24,24] — 

[21,23] = 

[22,24] — 

[21, [21,22]] = 

[21, [21,24]] = 

[22, [21,22]] = 

[22, [22,23]] = 

[23, [22, 23]] = 

[23,(23,24]] = 

[[21,24], [23,24]] = 

[[23, [21,24]], [[23,24], [24, [21,22]]]] = 

[[24, [21,22]], [[23,24], [23, [21,22]]]] = [[24, [22,23]], [[21,24], [23, [21,22]]]] 

[[[23, [21,22]], [[21,24], [22,23]]], [[[21,24], [22,23]], [[23,24], [24, [21,22]]]]] = 

i [[[24, [21,22]], [[21,24], [22,23]]], [[[21,24], [22,23]], [[23,24], [23, [21,22]]]]] 
+ i [[[24, [22,23]], [[21,24], [22,23]]], [[[21,24], [22,23]], [[21,24], [23, [21,22]]]]] 

[21,21] = 

[23,23] = 

[24,24] — 

[21,23] = 

[22,24] = 

[22,(21,22]] = 

[22, (22,23]] = 

[(21,22], [21,24]] = 

[[21,24], [23,24]] = 

[[22,23], [23,24]] = 

[[23, [21,22]], [23, [21,24]]] = 

[[24, (21,22]], [[23,24], [23,(21,22]]]] = 

[[24, (23, [21,22]]], ([21,24], [22,23]]] - ([24, [22,23]], [[21,24], [23, [21,22]]]] 

-[[24, [23, [21, 22]]], [[21, 22], [23, 24]]] 

[[[24, [21,22]], ([21,24], [22,23]]], [[[21,24], [22,23]], [[23,24], [23, [21,22]]]]] = 

[[[24,(22,23]], [[21,24], [22,23]]], [[[21,24], [22,23]], [[21,24], [23, [21,22]]]]] 
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SDcct^(l|2), (computed up to degree 12) 

[a;2,a;2] = 
[xs.xs] = 

[Xx, [xx,X2]] = 

[xi, [a;i,a;3]] = 
[[a::2,a;3],[a;2,[a;i,a;3]]] = f^ [[a;2,a::3], [a;3, [a;i,a;2]]] 

§3. Comments 

3.0. The relations of Tables 2.1 and 2.2 are the defining ones in all the cases except psl(3|3)''' and psq(3)" . In the 
last two cases there are infinitely many relations that kill the cocycles Ci, see sec. 0.8. The degrees of these relations 
grow with i. (Though these relations look awful when expressed in terms of the Chevalley generators, they are easy 
to describe in terms of the matrix units, cf. 0.8.) 

Conjectorially, these are the only relations additional to the listed ones. 

3.1. Statement . (On 3x3 matrices) There is a relation between [xi, [a;2,a::3]] and [x2, [a;3,a::i]] for any symmetric 
Cartan matrix {Aij) with 

Avz + ^13 + A-iz = 0. 
The relation does not depend on the diagonal elements An. The relation exists for any parity of generators and is 
not reducible to the Serre relations 4/^12^13^23 7^ 0. This relation, together with the Jacobi identity for x\, X2 and 
X3, may be written as 

/l)P(.^l)Pix3) /1\P(X1)P(X2) (^_1\P{X2)P{X3) 

[a::i,[a;2,a::3]l = -. [a::2, [2^3, a;i]] = [x3,[xi,X2]]. 

A23 A13 A12 

For a nonsymmetrizable matrix such that {Aij — 0) <=> {Aji = 0), this relation is impossible. 

If X2 is odd, Ai3 — A22 = ^31 ~ and A23 — —pA2\, then the relation [ady^^-^^nc^^^Y {\x2, X3]) — holds. 

3.2. Remark . It seems that if the ratio ^31 : A23 is a negative rational, but neither integer nor the inverse of an 
integer, there is one more relation. 

3.3. Statement . (On 4x4 matrices) For the Cartan matrix (with anything instead of each *) 

( * 1 p -pq\ 

1 * pq —p 

p pq * —1 

\-pq -p -1 * / 

there is a relation between [[xi,X2], [x3,X4]], [[a;i,a::3], [2:2, 3:4]] and [[xi,X4], [2:2, 0:3]], namely: 

pg [[2:1, 2:2], [a;3, 2.4]] - (-l)"'^"^''''"^^? [[2:1,2:3], [a;2,a;4l] - (-l)^'''"^^+''^"-^»''^"''M[2^i, 2:4], [a;2,x3]] = 0. 

3.4. Two statements on n x n matrices (n > 4). Serre relations involve just two generators. We have seen that 
even for s[(rn|n) there are relations involving 5 generators. It seems that ge 

1) Let degXj = 1 for all j; set yj = x~ . In the free Lie algebra generated by the Xj denote by Vi the expressiona of 
degree 1 with respect to each Xj . Comparing the number of equations [y^ , ^ Cj Vj] — with the number of parameters 
{Aij and Cj), we see that there exist relations of degree n involving all the xi, . . . , Xn for n < 5. We cannot say more 
about the case n > 6. 

2) If has a central extension, so g^"* has infinitely many central extensions, and, concequently, infinitely many 
defining relations: each central element of positive degree has to be equated to zero. Examples of such relations are 
the last indicated relations for ps[(3|3)'-''-' and p5q(3)^^-'. 
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